Effects of spontaneous parity breaking by charge, spin, and orbital orders are investigated in a two-band Hubbard model on a honeycomb lattice. This is a minimal model in which the interorbital hopping, atomic spin-orbit coupling, and strong electron correlation give rise to fascinating properties, such as the magnetoelectric effects, quantum spin Hall effect, and spin or valley splitting in the band structure. We perform the symmetry analysis of possible broken-parity states and the mean-field analysis of their competition. We find that the model at 1/4 filling exhibits a spin-orbital composite ordered state and a charge ordered state, in addition to a paramagnetic quantum spinHall insulator. We show that the composite ordered phase exhibits two types of magnetoelectric responses. The charge ordered state shows spin splitting in the band structure, while the topological nature varies depending on electron correlations.
On the other hand, electron correlations bring a new aspect by stabilizing various spontaneous electronic orders in the spin-orbital coupled systems. A representative example is multiferroics, which are magnetic insulators showing magnetoelectric (ME) responses as a consequence of the interplay between charge, spin, and orbital degrees of freedom. In the multiferroic compounds, a magnetic ordering breaks spatial inversion symmetry as well as time reversal symmetry, and induces a spontaneous electric polarization [13] [14] [15] [16] .
In this Rapid Communication, we propose yet another interesting situation that arises in an interplay between electron correlations and proper lattice structures, namely, systems where the inversion symmetry is preserved globally but broken intrinsically at atomic sites. We refer to this as local parity breaking. For instance, a honeycomb lattice possesses the inversion symmetry with respect to the bond centers and the hexagon centers, but breaks it at the lattice sites, as shown in Fig. 1(a) . In such systems, the antisymmetric SOC is hidden at each site in a site-dependent form. Once a long-range order occurs in charge, spin, and orbital degrees of freedom of electrons in a way of breaking the global inversion symmetry, a net antisymmetric SOC emerges. Such an emergent interaction can bring about new ME effects and transport phenomena spontaneously that have not been seen in the ordinary multiferroic insulators.
We present a theoretical analysis of symmetry broken states in a microscopic model with the local parity breaking. Particularly, we consider a minimal two-band model on a honeycomb lattice, in which the global inversion symmetry can be broken by spontaneous bipartite electronic orders. First, by the symmetry analysis, we categorize possible charge, spin, and orbital staggered orders into seven different classes. For these classes, we investigate the influence of symmetry breaking, focusing on the ME effects. Next, we study the ground state and finitetemperature properties by the mean-field approximation. As a result, we find that the system at 1/4 electron filling exhibits a peculiar spin-orbital composite ordered state and a charge ordered state, in addition to a paramagnetic state. The composite ordered state shows two types of ME responses to an electric field. Meanwhile, the paramagnetic state and the charge-ordered state exhibit the quantum spin Hall effect. The latter also shows antisymmetric spin splitting in the band structure.
Let us begin with a minimal model Hamiltonian on the honeycomb lattice [ Fig. 1(a) ] for describing the spontaneous parity breaking. We include the orbital degree of freedom for d-electron systems under a crystalline electric field, such as, e.g., the trigonal, trigonal prismatic, and square antiprismatic configuration of the ligands. Specifically, in the trigonal prismatic case, the atomic energy levels are split into the lowest-energy levels with m = ±2 (d x 2 −y 2 and d xy orbitals), the middle one with m = 0 (d 2 z ), and the highest ones with m = ±1 (d zx and d yz ). Note that this level scheme is realized in M X 2 [12] , while the lattice of M cations is a stacked triangular lattice.
Assuming that all the other energy scales are smaller than the level splitting, we consider only two relevant orbitals m = ±1 for simplicity. A generalization for m = (4) by the mean-field calculations. We take t0 = t1 = λ = 0.5 and JH = 0.1U . NM, CO, and SOO stand for the nonmagnetic, charge ordered, and spin-orbital composite ordered states, respectively.
±2 case is straightforward. Then, the one-body part of our model is given by
where c † skmσ (c skmσ ) is the creation (annihilation) operator for sublattice s = A or B, respectively, wave number k, orbital m = ±1, and spin σ =↑ or ↓. The first and second terms represent the intra-and inter-orbital hoppings between nearest-neighbor sites, respectively [see Fig. 1(b) ]. The third term in Eq. (1) represents the atomic SOC; as we consider only m = ±1, this term has a nonzero matrix element for the diagonal z component in terms of orbitals.
The k dependence in the hopping terms is given by
where ω = e 2πi/3 ; η 1 = (a 1 − a 2 )/3, η 2 = (a 1 + 2a 2 )/3, and η 3 = −(2a 1 + a 2 )/3 [a 1 and a 2 are primitive translational vectors as shown in Fig. 1(a) ]. The additional phase factors in Eq. (2) come from the angularmomentum transfers between orbitals. Note that γ nk play an important role, i.e., their combination arises antisymmetric k dependences which give rise to the spin or valley splitting once a broken-parity electronic order takes place in the presence of the SOC.
. Seven symmetry classes of 16 staggered order parameters categorized in terms of the presence ( ) or absence (×) of the four symmetries of the system: spatial inversion (P), time reversal (T ), 2π/3 rotation around the z axis (R), and mirror symmetry for the xz plane (M). CO, SO, OO, and SOO represent charge, spin, orbital, and spin-orbital orders, respectively, and the component prefixes denote the type of orders; see the text for details. In the columns for ME(u) and ME(s), the checkmark ( ) shows the nonzero uniform and staggered ME effects, respectively. SOO in Fig. 1(c) corresponds to #7.
The Hamiltonian H 0 in Eq. (1) has five symmetries in addition to the lattice translational symmetry: spatial inversion (P), time reversal (T ), real-space 2π/3 rotation around the z axis (R), mirror for the xz plane (M), and mirror symmetry for the yz plane [17] . Each symmetry operation is represented by a combination of three Pauli matrices: ρ for sublattice, σ for spin, τ for orbital indices, as follows. The spatial inversion P is represented by ρ x . The antiunitary time-reversal operation T is represented by iσ y τ x K (K is a complex conjugate operator). The threefold rotation R is represented by e 2πiτz/3 with the cyclic permutation of the site indices. The mirror operation M is represented by iσ z , which is obtained by a product of operations: k y inversion (k y → −k y by σ x τ x ), orbital inversion (±1 → ∓1 by τ x ), and spin inversion ({σ x , σ z } → −{σ x , σ z } by σ y ).
With these preliminaries, we examine possible electronic orders from the symmetry point of view. We here consider only the staggered electronic orders on the honeycomb lattice, which accompany a global parity breaking; these orders are described in terms of ρ z with the ordering wave number Q = 0. There are sixteen candidates for such staggered orders Λ and l x l y + l y l x , respectively, while τ z the (magnetic) orbital angularmomentum operator l z in the m = ±1 subspace. The Hamiltonian for symmetry-breaking field corresponding to these orders is given in a general form as
where h is the magnitude of the symmetry-breaking field and p(s) = +1 (−1) for s =A (B). These staggered orders break the symmetries T , R, and M in a different way. We categorize them into seven classes with respect to the four symmetries, as summarized in Table I . This symmetry analysis will provide a useful reference for macroscopic physical properties, such as ME effects.
As a representative example, we show two different types of ME effects in Table I : the uniform and staggered responses to an electric field. Here, we complete the table by computing the ME effects for each ordered state on the basis of the linear response theory [see Eq. (5)]. The staggered ME effect was discussed for the systems with the local parity breaking in which the antisymmetric SOC exists irrespective of the electronic state [18, 19] . In the present case, however, the antisymmetric SOC does not contribute to the linear ME term as long as the rotational symmetry R is preserved. Once breaking it, an additional antisymmetric SOC appears in the linear ME term giving rise to the staggered ME response as shown in Table I . On the other hand, for the uniform ME effect, the time reversal symmetry T must be broken at least. Furthermore, the breaking of both R and M is necessary for the honeycomb lattice. Remarkably, among 16 possible electronic orders, only the #7 SOO states exhibit both the uniform and staggered ME effects.
Next, we examine whether such SOOs are stabilized in our minimal model by including electron correlations. We introduce Coulomb interactions to the Hamiltonian in Eq. (1), whose form is given in the real-space representation:
where n imσ = c † imσ c imσ . The first term stands for the on-site Coulomb interaction; we take U mmmm = U , and
where U is the on-site repulsion and J H is the Hund's-rule coupling, respectively. The second term is the Coulomb interaction between nearest-neighbor sites, which is introduced to stabilize CO as a competing order. We study the model H 0 + H 1 by the mean-field approximation. We adopt the Hartree-Fock approximation to decouple the on-site Coulomb interaction, while the nearest-neighbor Coulomb repulsion is treated by the Hartree approximation. We employ two-site unit cell, and calculate the mean fields by taking the sum over 64 × 64 grid points in the first Brillouin zone. Hereafter, we take t 0 = t 1 = λ = 0.5 and J H = 0.1U . We have explored the possibility of bipartite orders in Table I for the half-filling and 1/4-filling cases. Below, we focus on the latter case (one electron per site on average), as it Fig. 3(b) ]. The Fermi level is set to zero.
includes the interesting #7 SOO phase.
Figure 1(c) shows the ground-state phase diagram at 1/4 filling. The phase diagram includes three insulating phases: the nonmagnetic (NM) phase in the small U and V region, CO phase in the large V region, and SOO phase in the large U region. The last one is the #7 SOO that exhibits both the uniform and staggered ME responses, as shown in Table I . Indeed, both ME responses become nonzero associated with SOO, as shown in Fig. 2(a) . The result shows the temperature dependence of the ME coefficients obtained by the mean-field approximation at U = 2.5 and V = 0. Here, we compute the linear response function in the form
where V 0 the system volume, f (ǫ) is the Fermi distribution function, and ǫ αk and |αk are the eigenvalue and eigenstate of H 0 + H 1 at the mean-field level. Here, m
, and J αβ ν,k = αk|J ν |βk is the matrix element of the current operator. Thus, K u µν (K s µν ) represents the coefficient for the uniform (staggered) spin moment along the µ direction induced by the electric field in the ν direction. In Eq. (5), we set (gµ B /2)e/h = 1 (g is the g-factor, µ B the Bohr magneton, e the elementary charge, and h the Planck constant) and the damping factor δ = 0.01.
As shown in Fig. 2(a) , K s zy is induced below the critical temperature T c ≃ 0.17 (other staggered components are all zero). It shows a peak slightly below T c and decreases rapidly with decreasing temperature. This behavior is qualitatively different from the toroidal response in the system with the staggered antisymmetric SOC studied by the authors recently [19] . While the toroidal response is already nonzero above T c and has a peak at T c , the staggered response in the present model becomes nonzero only below T c . This is because the nonzero linear-response K s zy appears only with the lack of the rotational symmetry R, as in the xy-SOO state. Indeed, the temperature dependence of K s zy is roughly understood by the convolution of the previous toroidal response and that of the order parameter.
The uniform response, K u µν (µ, ν = x or y), also becomes nonzero below T c , as shown in Fig. 2(a) (other uniform components are all zero). In contrast to K Now let us discuss the other two phases, NM and CO in Fig. 1(c) . They also exhibit interesting transport properties. First, we discuss the NM phase. Figure 3(a) shows the band structure in this phase; there are four bands, each of which is doubly degenerate owing to the presence of both spatial inversion and time reversal symmetries. The insulating gap in the NM state derives its origin from both the atomic SOC and inter-orbital hopping. Although the band structure is qualitatively similar to that in the SOO state shown in Fig. 2(b) , the transport property is very different; in the NM phase, the hidden antisymmetric SOC gives rise to the quantum spin Hall effect. The origin of this quantum spin Hall insulator is essentially the same as that in the single-band Hubbard model with imaginary hopping between next nearest-neighbor sites [21, 22] . In the present case, the spin Hall conductivity is quantized at 2 in units of e/2π. We note that the quantized value takes 0, 2, and −4 depending on t 1 , λ, and electron filling.
With increasing V , the NM state changes into the CO state. The transition is continuous for U 1.6. Figure 3(b) shows the band structure for the CO state; the dashed (dotted) lines denote the up-(down-) spin component, demonstrating that the antisymmetric spin splitting occurs in the CO state. To show this explicitly, we present the energy contour slightly below the top of the highest occupied band in the inset of Fig. 3(b) . The electronic structure around the K and K ′ points is similar to that found in the triangular-lattice monolayer dichalcogenides M X 2 [12] . In other words, this peculiar electronic state could be created by spontaneous electronic orders for systems with the local parity breaking. While this CO insulator for U 1.6 and smaller V also exhibits the same quantization of the spin Hall conductivity as the NM state, the increase of V leads to a gap closing at the K and K ′ points, above which the spin Hall conductivity becomes zero. These properties suggest a potential topological switching by tuning a magnitude of the order parameter via a change of temperature or coupling constants. The detailed analysis of the quantum spin Hall effect in the CO-NM phases will be reported elsewhere.
Finally, let us remark on other peculiar orders. As pointed out in Ref.
[23], the staggered spin order (the #4 z-SO in Table I ) leads to the valley splitting in the band structure, i.e., the different gap magnitudes at the K and K ′ points. In addition, we find that the #5 zx/zy-SOO in Table I shows an antisymmetric band deformation with a shift of the band bottom along the K ′ -Γ-K line. Within the present model calculations, however, we could not find a parameter region for stabilizing these orders.
To summarize, we have investigated the effect and stability of electronic orders which break spontaneously the parity symmetry on the basis of a minimal two-band model on the honeycomb lattice. Conducting the symmetry analysis of possible staggered orders, we have discussed the emergence of magnetoelectric responses from the symmetry point of view. We have also studied the ground state and finite temperature properties of the minimal model by the mean-field approximation. We have found the three insulating phases at 1/4 filling: the spin-orbital composite ordered state, the nonmagnetic state, and the charge ordered state, which exhibit two different types of magnetoelectric effects, the quantum spin Hall effect, and antisymmetric spin splitting in the band structure, respectively. Our present analysis will provide useful reference for understanding the physics in the systems with the local parity breaking, which are promising playgrounds showing fascinating electromagnetic and transport properties with peculiar electronic structures by spontaneous electronic orders.
